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Abstract
A family of quasilocal mass definitions that includes as special cases the Hawking mass and the
Brown-York “rest mass” energy is derived for spacelike 2-surfaces in spacetime. The definitions
involve an integral of powers of the norm of the spacetime mean curvature vector of the 2-surface,
whose properties are connected with apparent horizons. In particular, for any spacelike 2-surface,
the direction of mean curvature is orthogonal (dual in the normal space) to a unique normal direc-
tion in which the 2-surface has vanishing expansion in spacetime. The quasilocal mass definitions
are obtained by an analysis of boundary terms arising in the gravitational ADM Hamiltonian on
hypersurfaces with a spacelike 2-surface boundary, using a geometric time-flow chosen proportional
to the dualized mean curvature vector field at the boundary surface. A similar analysis is made
choosing a geometric rotational flow given in terms of the twist covector of the dual pair of mean
curvature vector fields, which leads to a family of quasilocal angular momentum definitions in-
volving the squared norm of the twist. The large sphere limit of these definitions is shown to
yield the ADM mass and angular momentum in asymptotically flat spacetimes, while at apparent
horizons a quasilocal version of the Gibbons-Penrose inequality is derived. Finally, some results
concerning positivity are proved for the quasilocal masses, motivated by consideration of spacelike
mean curvature flow of 2-surfaces in spacetime.
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I. INTRODUCTION
There has been much interest recently in the Hamiltonian (initial-value) formulation of
General Relativity with spatial boundaries, especially as motivated by work on numeri-
cal solution of the Cauchy problem. This paper is addressed to a study of the covariant
gravitational Hamiltonian purely as a variational principle for the Einstein field equations
in 3+1 dynamical form on hypersurfaces with a spatial boundary 2-surface. A main goal
will be to derive from the Hamiltonian boundary terms a good geometrical definition of
quasilocal energy and angular momentum for spacelike 2-surfaces in spacetime. The results
may help shed light on understanding aspects of how to set up physically meaningful and
mathematically well-posed spatial boundary conditions for solving the Einstein equations.
Using a covariant spacetime formalism, in previous work Refs.[1, 2, 3] an analysis was
made of boundary terms that arise in the total gravitational Hamiltonian with the as-
sumption of a fixed (non-dynamical) spatial boundary B in spacetime. Such a boundary
corresponds to fixing a time-flow vector field ξ
µ
taken to be independent of the gravitational
initial data on a hypersurface Σ with a spacelike boundary 2-surface S, and Lie dragging S
along ξ
µ
to produce the boundary hypersurface B. Starting from the ADM Hamiltonian in
covariant form, the analysis showed that the mathematically allowed boundary terms and
corresponding boundary conditions on the gravitational field variables required for the total
Hamiltonian to be a well defined variational principle are determined by the condition that
the symplectic flux must vanish across the spacetime boundary B. The standard Dirichlet
and Neumann type boundary conditions [4], which consist of specifying the intrinsic metric
or extrinsic curvature tensor on B, were shown to satisfy this flux condition, as were cer-
tain mixed type boundary conditions. The resulting Dirichlet boundary term gave a simple
covariant derivation of Brown and York’s quasilocal energy, momentum, and angular mo-
mentum [5, 6]. (These covariant results in Refs.[1, 2] should be compared with the 3+1
canonical analysis given in Ref.[7]. Related work appears in Ref.[8].)
More importantly, this derivation showed that the Brown-York expressions have an el-
egant geometrical origin related to the spacetime mean curvature vector H
µ
[9, 10] of the
spatial boundary 2-surface S. In particular, contraction of the time flow vector ξ
µ
with the
dual of the mean curvature vector H
µ
⊥ = ∗Hµ in the normal space of S yields the Brown-
York energy ε and outward momentum p densities when, respectively, ξ
µ
is a timelike or
2
spacelike (unit) normal vector on S: ε = −κΣ = ξµH⊥µ such that ξµ is orthogonal to Σ,
and p = −κB = ξµH⊥µ such that ξµ is orthogonal to B, where κΣ denotes the Rieman-
nian (3-dimensional) scalar mean curvature of S in a spacelike hypersurface spanning Σ
orthogonal to the timelike boundary B; likewise κB is the scalar mean curvature of S in B.
Note
√
ε2 − p2 =
√
−Hµ⊥H⊥µ = |H| is the “rest mass” energy density, or in other words
a boost-invariant mass density, related to the Brown-York densities as investigated in work
of Kijowski, Lau, Epp, Liu and Yau [11, 12, 13, 14]. All these densities require subtrac-
tion of a “reference energy” density, typically chosen by an embedding of S into a reference
spacetime interpreted as being the gravitational vacuum, in order to yield a physically satis-
factory quasilocal quantity. The subtraction reflects the freedom to change the Hamiltonian
boundary term by adding a function of the intrinsic metric on S, which is held fixed under
the Dirichlet boundary conditions.
Of geometrical importance, the mean curvature vector H
µ
lies in the direction in which
the expansion of the 2-surface S in spacetime is extremal. For 2-surfaces of typical interest
apart from apparent horizons, this direction will be spacelike, while the direction of the dual
mean curvature vector H
µ
⊥ correspondingly will be timelike. In this situation the spatial
covector ̟µ = |H|−2Hν∇SµHν⊥, called the mean curvature twist, measures the amount of
rotational-boost undergone by the pair of normal vectors H
µ
, H
µ
⊥ when they are infinitesi-
mally displaced in tangential directions on S. Contraction of ̟µ with a rotational Killing
vector ξ
µ
= φµ on S, provided one exists, directly yields the Brown-York angular momentum
density: jφ = Kµνφ
µ∗tν = φµ(|H|−1Hν∇Sµ(|H|−1Hν⊥) +∇µχ) = ξµ̟µ +∇Sµ(χφµ) (to within
an irrelevant total divergence), where ∇Sµ = ∇µ|T ∗(S) denotes the spacetime derivative re-
stricted to tangential directions on S; Kµν is the extrinsic curvature tensor of Σ, t
µ is the
timelike normal to Σ, and χ is a boost parameter on S relating tµ and H
µ
⊥. A reference
subtraction can be considered for the momentum density analogously to that for the energy
density.
The underlying geometrically defined vector P
µ
= H
µ
⊥+̟
µ
here, arising from the covari-
ant gravitational Hamiltonian, is called [1] the Dirichlet symplectic vector of S. It depends
only on the extrinsic geometry of S in spacetime, and its coordinate components can be
computed from the gravitational initial data on any spacelike hypersurface that spans S.
Properties and examples of this vector for spacelike 2-spheres in spacetimes of physical in-
terest (isometry 2-spheres in spherically symmetric spacetimes and homogeneous isotropic
3
spacetimes, constant-radius spheres in axisymmetric spacetimes, large spheres in asymptot-
ically flat spacetimes, and spherical surfaces in flat-spacetime hyperplanes and light cones)
have been studied in Ref.[2].
The main idea of the present paper is to study mathematical aspects of the dual mean
curvature vector H
µ
⊥ and the mean curvature twist vector ̟
µ
as gravitational Hamiltonian
flows of 2-surfaces in spacetime. In Section II, geometrical properties of these vectors are
developed, particularly connected with apparent horizons and Killing vectors, stemming
from the fact that the expansion of any spacelike 2-surface S in spacetime is found to vanish
in the direction of H
µ
⊥. A covariant analysis of Hamiltonian boundary terms for the mean
curvature flows |H⊥|n−1Hµ⊥ and |H|n̟µ, as well as their natural generalization |P |n−1P µ, is
carried out for spacelike 2-surfaces with timelike H
µ
⊥ in Section III. The boundary conditions
associated with these flows are also discussed, along with choices for “reference” (vacuum)
subtraction terms in the boundary Hamiltonian depending on the gravitational initial data
at S held fixed by these boundary conditions. A generalization of the analysis and results
is also stated for spacelike 2-surfaces with null H
µ
⊥, thereby encompassing the interesting
case of apparent horizons. Geometrical definitions of mean curvature quasilocal mass and
angular momentum given by the resulting Hamiltonians are then considered in Section IV.
This yields a one-parameter (n) family of quasilocal masses that is shown to include both
the Hawking mass (n = 1) and the Brown-York “rest mass” energy (n = 0). In Section V,
firstly, the large sphere limit of these definitions is shown to yield the ADMmass and angular
momentum in asymptotically flat spacetimes, and a lower bound in terms of irreducible
mass is established at apparent horizons. Secondly, a positivity result is proved for the
quasilocal masses, motivated by consideration of spacelike mean curvature flow of 2-surfaces
in spacetime. This flow is used to reduce the positivity statement for the case n = 0 to a
recent theorem on Riemannian mean curvature [15], and then a (negative) lower bound is
derived in the cases n ≥ 1.
An index-free notation [9] is mainly used hereafter.
II. GEOMETRY OF SPACELIKE 2-SURFACES IN SPACETIME
First, recall [9, 10] that the geometry of spacelike 2-surfaces S embedded in a 4-
dimensional spacetime (M, g) is characterized by the intrinsic metric, σ, (first fundamental
4
form) of S, and the extrinsic shape tensor, Π, associated with the extrinsic curvature tensor,
k, (second fundamental form) for any normal vector e⊥ of S via k = −g(e⊥ ,Π). The metric
σ = g|T ∗(S) is given by the pullback of g to S, i.e. σ(v, w) = v · w for all tangential vectors
v, w, while the shape tensor is defined by Π(v, w) = (∇vw)|T (S)⊥ = (∇wv)|T (S)⊥ where ∇
denotes the covariant derivative for (M, g). Throughout, the inner product of vectors with
respect to the spacetime metric will be denoted by v · w = g(v, w). The inner product of
a vector with itself will be written v2 = v · v = g(v, v), and |v| = √|v · v| will denote the
absolute norm of a vector v.
For any spacelike 2-surface S in spacetime (M, g), at each point on S there is geometrically
preferred normal vector, defined by the mean curvature vector of (S, σ),
H = κ(e1)e1 − κ(e0)e0 (2.1)
where κ(e0) and κ(e1) are the extrinsic scalar curvatures of S (trace of the second funda-
mental forms) in the directions of any orthonormal frame {e0 , e1} of T (S)⊥. The vector H is
independent of choice of normal frame for S, i.e. it is invariant under boosts and reflections
of e0, e1 , and hence is well-defined given just the 2-surface and its extrinsic geometry in
spacetime. The absolute norm of H is the scalar mean curvature of S
|H| =
√
|κ(e1)2 − κ(e0)2| (2.2)
which covariantly generalizes the definition of mean curvature in Euclidean surface the-
ory. More specifically, in Minkowski space if S lies in a spacelike hyperplane then H is its
Euclidean mean curvature vector orthogonal to S and, in particular, |H| is the Euclidean
extrinsic mean curvature of S. (Note, in n-dimensional Riemannian geometry [10] the mean
curvature vector of a 2-surface is commonly defined by 1
n
∑n−2
i=1 κ(ei)ei in terms of a normal
frame ei. Apart from an obvious sign change due to the Lorentzian signature, this differs
by a factor 1
2
compared with the definition of H used here.) Hereafter it will be assumed
that S is closed and M is orientable. The sign conventions used throughout will be that,
with respect to a smooth spacelike hypersurface Σ spanning S for which e1 is tangent and
e0 is normal, e1 is chosen outward pointing, e0 is chosen future pointing, and κ(e1) is chosen
positive if the interior of S is a convex domain so then |H| = κ(e1) > 0 for such a 2-surface
S. This choice of frame for T (S)⊥ will be called an oriented normal frame.
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Now introduce a unique normal vector orthogonal to H , given by
H⊥ = κ(e1)e0 − κ(e0)e1 (2.3)
which will be called the dual mean curvature vector of (S, σ), as it is dual to H in T (S)⊥,
∗H = H⊥, ∗H⊥ = H. (2.4)
The vector H⊥ has the same absolute norm as H , and for S lying in a spacelike hyperplane
in Minkowski space, its direction is that of a timelike normal to the hyperplane.
Like H , the normal vector H⊥ does not depend on the choice of a normal frame for T (S)
⊥
and so is well-defined given just the 2-surface and its extrinsic geometry. Associated to this
pair of geometrical normal vectors H,H⊥ is a tangential covector ̟(H) given by
v⌋̟(H) = H · ∇vH⊥ = −H⊥ · ∇vH (2.5)
for all tangent vectors v on S. Note ̟(H) and its dual ∗̟(H) are determined just by the
intrinsic and extrinsic geometry of S in spacetime and hence define geometrically preferred
tangential covectors on S, respectively called the twist and dual twist of the mean curvature
vectors, with ∗̟(H) being orthogonal to ̟(H).
An important geometrical property of H⊥ is that the intrinsic expansion of S in the
direction of H⊥ in any spacetime (M, g) is zero,
(£H⊥ǫ(S))|T ∗(S) = 0 (2.6)
where ǫ(S) is the area element 2-form of S normalized by the metric σ on S. This property
follows from the fact that the scalar extrinsic curvatures of S in the directions H and H⊥
obey
κ(H⊥) = 0, κ(H) = H
2 = −H2⊥, (2.7)
where κ(v) ≡ 1
2
g(σ,£vσ) defines the scalar extrinsic curvature with respect to any normal
vector v in T (S)⊥. Moreover, the norm of H⊥ is related to the property of trapping of
null geodesics through S. Consider outward and inward null vectors ℓ, n at S, with the
normalization ℓ · n = −1. In terms of the null frame {ℓ, n}, the vectors H and H⊥ are
expressed by
H = −κ(ℓ)n− κ(n)ℓ, H⊥ = κ(ℓ)n− κ(n)ℓ, (2.8)
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with norms
H2⊥ = 2κ(ℓ)κ(n) = −H2. (2.9)
Recall [16], κ(ℓ) and κ(n) measure the convergence of a congruence of future directed (out-
ward and inward) null geodesics at S, and the condition for these geodesics to be trapped
at S is that the expansion of S in both the outward and inward null directions is negative,
κ(ℓ) < 0 and κ(n) < 0 everywhere on S. Consequently, the situation when H2⊥ = 0 holds
everywhere on S characterizes S as being a marginally-outward or -inward trapped surface
in spacetime.
Let Σ be a smooth spacelike hypersurface spanning S. The condition on S that H = H⊥
in T (M)|S, namely κ(ℓ) = 0 at every point on S, describes a marginally-outward trapped
surface [17], sometimes also referred to as an apparent horizon on Σ. Thus for such a surface
S ⊂ Σ, H⊥ and H degenerate into a single null vector. If instead H2 < 0 holds at every
point on S, whereby H is timelike while H⊥ is spacelike in T (M)|S, so κ(ℓ) and κ(n) have
the same (nonzero) sign on S then S ⊂ Σ is said to be a strictly (or closed) trapped surface
[17]. Future and past (strictly) trapped surfaces S are distinguished according to whether
κ(n) is positive or negative on S. In the context of formation of black holes in General
Relativity [16, 17], trapped surfaces S ⊂ Σ obey κ(ℓ) ≤ 0 and κ(n) < 0 everywhere on S,
corresponding to the condition that in T (M)|S the null mean curvature vector H⊥ + H is
future pointing and the mean curvature vector H is timelike or null [9].
Suppose that every hypersurface Σ spanning S contains no trapped surfaces in its interior
(hence S does not surround any black hole horizons in spacetime). Then, in physically
reasonable situations, H can be expected to be spacelike or null in T (M)|S. If H⊥ is future
pointing in T (M)|S, then given any hypersurface Σ chosen orthogonal to H⊥, the direction
of H in Σ will be outward or inward at a given point according to whether S ⊂ Σ is convex
or concave at that point. Thus, surfaces S obeying H2 > 0 at every point are necessarily a
convex boundary for any spanning spacelike hypersurface.
Definition 2.1: A 2-surface S will be called regular if it is closed, smooth, and spacelike,
and if H2 ≥ 0 (or equivalently H2⊥ ≤ 0) holds at every point on the surface. If H2 > 0
at every point on S, it will be called convex-regular, and when such a 2-surface is a convex
boundary for a spanning hypersurface, it will be called a regular convex-boundary surface.
Regularity is a relatively weak requirement on 2-surfaces, in particular, it does not restrict
the convexity of S, since points at which |H| = 0 encompass any indentations (change of
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convexity) on S; also it includes apparent horizons, as well as the related notions of isolated
horizons and dynamical horizons in spacetime, whose spatial cross-sections S are required
(among other properties) to obey |H| = 0 at every point, as introduced recently by Ashtekar
and coworkers [18].
The rest of the extrinsic curvature of S is described by the shears of (inward/outward)
null geodesic congruences at S, namely the trace-free part of the second fundamental forms
in the null normal directions. It will be convenient to regard the second fundamental form
of S in a given normal direction e⊥ as a 1-form k(e⊥) in T
∗(S) with values in T (S) defined
by
w · (v⌋k(e⊥)) = −e⊥ · ∇vw = −e⊥ · Π(v, w) (2.10)
for all tangent vectors v, w in T (S). Note there is a decomposition of k(e⊥) into trace-free
and trace parts with respect to the metric σ on S, both of which are symmetric tensors,
given by
trk(e⊥) ≡ 1
2
κ(e⊥)σ, k(e⊥)− trk(e⊥) ≡ K(e⊥). (2.11)
In the mean curvature directions for a regular 2-surface S, the second fundamental forms
satisfy
trk(H⊥) = 0, trk(H) =
1
2
|H|2σ. (2.12)
Thus the extrinsic curvature is completely determined by the scalar mean curvature |H| and
the shears K(H⊥), K(H). Recall, a 2-surface is umbilic [9, 10] with respect to a normal
direction e⊥ at a point if (∇vw)|T (S)⊥ ∝ v · w e⊥ . It follows from equation (2.10) that k(e⊥)
is pure trace at such a point, i.e. S is shear free in an umbilic direction. This leads to a
characterization of the mean curvature shears as measuring the deviation of S from being
umbilic in the mean curvature normal directions at any point on S.
Proposition 2.2: A regular 2-surface S is shear free in all normal directions in spacetime
iff it is umbilic with respect to the spacelike mean curvature direction H at every point on
the surface.
Another extrinsic aspect of the geometry of S in (M, g) is the curvature of its normal space
T (S)⊥ as described by the sectional normal curvature tensor [10]. This normal curvature
turns out to be directly determined by the twist ̟(H) of the mean curvature vectors H,H⊥,
as follows.
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Firstly, the normal curvature tensor is introduced in terms of the normal covariant deriva-
tive D⊥ on S by
R⊥(v) = [D⊥,D⊥](v) (2.13)
where
D⊥wv = (∇wv)|T (S)⊥ (2.14)
for all normal and tangential vector fields v and w on S. Note R⊥(·) is a T ∗(S)⊥ ⊗ T (S)⊥-
valued 2-form on S. Geometrically, it describes the curvature of the normal bundle
(T (S)⊥, σ
⊥
) of S. In comparison, the intrinsic curvature of S is obtained from the tan-
gential covariant derivative D on S
Dwv = (∇wv)|T (S) (2.15)
for all tangential vector fields v and w on S, giving the intrinsic curvature tensor
R(v) = [D,D](v) (2.16)
defined as a T ∗(S) ⊗ T (S)-valued 2-form R(·) on S. Note, because S is two dimensional,
the curvature tensors have the tensor product form
R(v) = Rǫ(S)⊗ ∗v, R⊥(v) = R⊥ǫ(S)⊗ ∗v, (2.17)
for v in T (S) and T (S)⊥, respectively, with R and R⊥ denoting scalar curvatures; in par-
ticular, R is the Gaussian curvature of S. Here the dual operation ∗ on T (S) as well as
on T (S)⊥ is defined in the standard way in terms of the linear maps associated with the
2-forms ǫ(S) and ǫ
⊥
(S) = e1 ∧e0 related such that ǫ(S)∧ǫ⊥(S) = ǫ is the spacetime volume
4-form normalized with respect to the metric g.
Now consider the fundamental normal form ̟(e) of S, defined by [10]
v⌋̟(e) = e1 · ∇ve0 (2.18)
for all tangent vector fields v on S. Note ̟(e) is a 1-form in T ∗(S) depending on a choice
of orthonormal frame {e0 , e1} for T (S)⊥, with the resulting transformation property
̟(e)→ ̟(e) +Dχ (2.19)
under boosts of the normal frame in T (S)⊥
e0 → coshχ e0 + sinhχ e1 , e1 → coshχ e1 + sinhχ e0 (2.20)
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where χ is the boost parameter given by a smooth function on S. Such transformations
represent a SO(1, 1) gauge group acting on T (S)⊥, with ̟(e) transforming as a SO(1, 1)
connection 1-form. The gauge invariant curl of ̟(e), representing the curvature 2-form of
this gauge group, is found to coincide with the normal curvature 2-form
R⊥ǫ(S) = dS̟(e) (2.21)
where dS denotes the exterior derivative on S.
The mean curvature vectors H,H⊥ provide a geometrically preferred normal frame for
T (S)⊥ and hence also a corresponding preferred normal connection related to the twist
̟(H), for any spacelike 2-surface S.
To begin, let S be a convex-regular 2-surface, so then H⊥ provides a geometrically pre-
ferred timelike vector field in T (S)⊥. This yields the preferred normal frame
Hˆ⊥ ≡ |H|−1H⊥, Hˆ ≡ |H|−1H, −Hˆ2⊥ = Hˆ2 = 1, Hˆ⊥ · Hˆ = 0, (2.22)
which will be called themean curvature frame of T (S)⊥, along with a corresponding preferred
null frame
Hˆ± ≡ 1√
2
(Hˆ⊥ ± Hˆ), Hˆ2± = 0, Hˆ+ · Hˆ− = −1. (2.23)
The mean curvature frame gives a way to gauge fix ̟(e), yielding a geometrically preferred
normal connection ̟ given by
v⌋̟ = Hˆ · ∇Sv Hˆ⊥ (2.24)
which is related to the twist of the mean curvature vectors
̟ = |H|−2̟(H) (2.25)
and hence will be called the mean curvature twist covector of (S, σ). Geometrically, ̟ is
a well-defined tangential covector field on S and measures the magnitude of the SO(1, 1)
rotation of the mean curvature frame under infinitesimal displacement on S. It determines
the normal curvature of S by
R⊥ǫ(S) = dS̟ = |H|−2(dS̟(H)− 2dS ln |H| ∧̟(H)). (2.26)
If S is Lie dragged separately along the directions H,H⊥ in (M, g) to produce a pair of
hypersurfaces that intersect orthogonally at S, then ̟ is directly related to the tangential
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part of the mean curvature frame commutator
v⌋̟ = 1
2
v · [Hˆ, Hˆ⊥]|S (2.27)
for all vectors v in T (S). In this situation, ̟ is also related to the extrinsic expansion of S
along the timelike direction H⊥,
£H⊥ǫ(S) = 2∗̟ ∧H (2.28)
where ∗̟ denotes the dual of ̟ on S and H is viewed here as a 1-form through the
identification of T (S)⊥ and T ∗(S)⊥ provided by the metric σ
⊥
= g|T ∗(S)⊥ on the normal
space of S.
These results can be extended to spacelike 2-surfaces S that are merely regular, thus
encompassing apparent horizons and marginally-outward trapped surfaces characterized re-
spectively by |H| = 0 on S, and H = H⊥ on S. For a regular 2-surface S, H⊥ provides
a geometrically preferred non-spacelike vector field in T (S)⊥. Associated to H⊥ is a null
vector field given by
H+ ≡ 1
2
(H +H⊥), H
2
+ = 0, (2.29)
so that in the case of an outward trapped surface, H+ = H = H⊥. In terms of any
orthonormal frame {e0, e1}, note
H+ =
1
2
(κ(e1)− κ(e0))(e0 + e1) (2.30)
is invariant under boosts (2.20) since
e0 ± e1 → exp(±χ)(e0 ± e1). (2.31)
Now introduce a transverse null vector field
H− ≡ (κ(e1)− κ(e0))−1(e0 − e1) (2.32)
likewise invariant under boosts, and obeying
H2− = 0, H− ·H+ = −1. (2.33)
Note the scalar extrinsic curvatures of S in these null directions are given by
κ(H+) =
1
2
H2, κ(H−) = −1. (2.34)
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In the case of an inward trapped surface where H = −H⊥ on S, the expressions for H±
must be changed to
H+ ≡ 1
2
(H⊥ −H) = 1
2
(κ(e1) + κ(e0))(e0 − e1) (2.35)
and
H− ≡ (κ(e1) + κ(e0))−1(e0 + e1), (2.36)
while accordingly κ(H+) = −12H2 and κ(H−) = 1. Note, in both the inward- and outward-
trapped cases, the null vectors H± have the orientation ǫ
⊥
(S) = H+ ∧H−.
The pair of normal vectors {H±} thereby provides a geometrically preferred null frame
for T (S)⊥, which is well-defined just given S and its extrinsic geometry in (M, g) such that
|H| ≥ 0. This mean curvature null frame determines a corresponding preferred (gauge fixed)
connection ̟±, such that for all vectors v in T (S),
v⌋̟+ = H+ · ∇SvH− (2.37)
in the outward-trapped case (2.30) and (2.32), and similarly
v⌋̟− = H− · ∇SvH+ (2.38)
in the inward-trapped case (2.35) and (2.36). The 1-forms ̟± will be called the null mean
curvature twist. They have geometrical properties similar to those of ̟. In particular,
firstly, the normal curvature of S is given by
±R⊥ǫ(S) = dS̟±. (2.39)
Secondly, If S is Lie dragged separately along the null directions H± in (M, g) to produce
a pair of null hypersurfaces that intersect orthogonally at S, then the null mean curvature
frame commutator is related to ̟± via
v · [H+, H−]|S = ±2v⌋̟± +∇Sv (f− − f+)|S (2.40)
for all vectors v in T (S); here f± are functions coming from the hypersurface orthogonality
conditions [16] dH± = df± ∧ H±. Thirdly, in this situation, ̟± is also related to the
expansion of S along the null direction H+ in spacetime,
£H+ǫ(S) =
1
2
|H|2ǫ(S) + 2∗[H+, H−]|S ∧H+ (2.41)
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where ∗ denotes the dual of the commutator viewed as a 1-form through the identification
of T (S)⊥ and T ∗(S)⊥ provided by the metric σ
⊥
= g|T ∗(S)⊥ on the normal space of S.
For any convex-regular 2-surface S, a comparison of ̟ and ̟± yields the relation
̟+ = −̟− = ̟ −D(12 ln |H|) (2.42)
reflecting the different gauge choices for the previous normal frames in T (S)⊥.
Definition 2.2: A 2-surface S is said to have constant mean curvature (CMC) ifH2 = const
on S.
It immediately follows that for a positive CMC 2-surface S, ̟± = ±̟, so there is then
a unique geometrically preferred connection 1-form for the normal curvature of S. If S is
instead a zero CMC 2-surface, then ̟ becomes singular (since |H| = 0) while ̟± represents
its non-singular part.
Proposition 2.3: The mean curvature vectors H , H⊥, and null frame H±, along with the
null twist ̟± covector, are geometrically well-defined for any regular spacelike 2-surface S,
including apparent horizons, and depend only on the intrinsic and extrinsic geometry of S
in (M, g). For convex-regular 2-surfaces S, there is geometrically well-defined normal frame
{H⊥, H} and corresponding twist covector ̟.
Finally, there is an interesting relationship between mean curvature vectors and Killing
vectors. Suppose ζ is a Killing vector of the spacetime metric g, £ζg = 0. Projection of the
Killing equation into the tangent space of any spacelike 2-surface S yields £ζσ|∗T (S) = 0 and
hence g(σ,£ζσ) = 0, implying S has non-vanishing intrinsic expansion in the Killing vector
direction in spacetime,
κ(ζ) = 0. (2.43)
A comparison of this property with the main geometric property (2.7) of mean curvature
vectors leads to the following result.
Proposition 2.4: Suppose ζ is a Killing vector orthogonal to S in (M, g). Then ζ at S is
proportional to the dual mean curvature vector of S,
ζ |S = αH⊥ (2.44)
for some smooth non-vanishing function α on S.
Such a Killing vector is obviously either timelike or null at S. (Hereafter, without loss of
generality, ζ |S and H⊥ will be assumed to share the same orientation in the normal space of
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S, so α > 0 on S.) In the timelike case, ζ2|S < 0, the mean curvature vector H is necessarily
spacelike since it is orthogonal to ζ , so the dual vector ∗ζ is thereby proportional to H ,
∗ ζ |S = αH. (2.45)
In particular, note the norms of these vectors are related by |ζ |S = α|H|. It now follows
that the twist ̟(H) of the mean curvature vectors is similarly related to the twist of the
normal frame provided by the Killing vector and its dual {ζ, ∗ζ}:
v⌋̟(ζ) = (∗ζ · ∇Sv ζ)|S = α2H · ∇SvH⊥ (2.46)
and thus
̟ = |ζ |−2̟(ζ). (2.47)
A similar geometric result holds in the case of a Killing vector that is null at S, ζ2|S = 0.
Since both H⊥ and H are then necessarily null vectors, with H± = H⊥ = ±H (in the
outward/inward trapped cases respectively), the twist ̟(ζ) of a null frame aligned with the
null vector ζ |S = αH± differs from the null mean curvature twist just by a gradient
̟± = ̟(ζ) +∇S(lnα) (2.48)
corresponding to a boost relating the null vectors ζ and H±.
Further discussion of these various mean curvature 1-forms and vectors in the convex-
regular case, as well as their calculation in spacetimes of interest, can be found in Ref.[2].
Hereafter, H,H⊥, ̟,̟
⊥ will be all regarded as vectors or covectors, depending on the ge-
ometrical context, through the identification of T (S) with T ∗(S), and T (S)⊥ with T ∗(S)⊥,
using the metrics σ and σ
⊥
.
III. HAMILTONIAN ANALYSIS WITH SPATIAL BOUNDARY
CONDITIONS RELATED TO MEAN CURVATURE FLOW
The gravitational ADM Hamiltonian provides a variational principle whose stationary
points yield the Einstein field equations in a 3+1 dynamical form [16, 19]. This formulation
requires specifying a time-flow vector field ξ on spacetime together with choosing a foliation
given by spacelike slices Σ. Suppose a mathematically defined boundary is introduced,
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enclosing a spatially compact region of spacetime with a timelike boundary hypersurface
B. Such boundaries arise in numerical relativity where the Cauchy data must be cutoff
on noncompact slices, and in astrophysical contexts that involve separating a spatial region
into a finite-size system and its exterior, and also in gluing of local solutions for the Cauchy
problem.
In the approach taken in Refs.[1, 2, 5, 6, 11] on the Hamiltonian structure of the Einstein
field equations, boundaries were restricted to be a fixed (non-dynamical) timelike hyper-
surface B in spacetime and the time-flow was chosen as some fixed vector field ξ in the
hypersurface. Let S = Σ ∩ B denote the spacelike 2-surfaces foliating the boundary B,
which will be viewed as defining a spatial boundary ∂Σ = S on each slice Σ. Let t denote
the future pointing unit normal to Σ. (It is not assumed that Σ is orthogonal to B). Then,
the ADM Hamiltonian
HADM(ξ) =
1
8π
∫
Σ
HdΣ, H = Ric(ξ, t)− 1
2
g(ξ, t)R (3.1)
provides a variational principle that yields the 3+1 form of the Einstein field equations under
spatially compact support variations of the gravitational field variables on the interior of Σ.
However, when variations are considered that have nonvanishing support at the boundary
∂Σ, the variational derivatives of the ADM Hamiltonian will no longer be well-defined due to
a boundary term that arises through the presence of the boundary surface. Spatial boundary
conditions on the gravitational field variables at this surface ∂Σ must then be sought that
allow modifying the ADM Hamiltonian by addition of a surface integral so that, under
variations with support on ∂Σ, a well-defined Hamiltonian variational principle is obtained
for the 3+1 form of the Einstein field equations.
An analysis of allowed boundary conditions and compensating boundary terms is made
in Refs.[1, 2] with a covariant symplectic approach that uses the Noether charge method
developed by Wald and coworkers [20, 21, 22]. The results are summarized as follows. Let
the spacetime metric be decomposed as g = σ− e0 ⊗ e0+ e1⊗ e1 where {e0 , e1} is a oriented
normal frame of S adapted to B. Boundary conditions for the existence of a Hamiltonian are
determined by the condition that the symplectic flux across B must vanish. This condition
is satisfied by Dirichlet and Neumann boundary conditions consisting of fixing either the
induced metric q = σ − e0 ⊗ e0 on B or the extrinsic curvature tensor p = 12£e1q on B (i.e.
the first or second fundamental forms of B in (M, g)). As well, some other mixed types of
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boundary conditions are allowed.
Theorem 3.1: Fix a vector field ξ tangent to B and independent of g, and consider the
Dirichlet boundary condition on g at ∂Σ. Let ξ be extended smoothly from ∂Σ into Σ. Then
a Hamiltonian for the 3+1 form of the Einstein field equations on Σ is given by
H(ξ) = HADM(ξ) +
1
8π
∮
∂Σ
ξ · (H⊥ +̟B +Href)dS (3.2)
whereHref depends only on the boundary hypersurface metric q at ∂Σ and corresponds to the
freedom to add an arbitrary function of the boundary data σ = q|T (∂Σ) to the Hamiltonian;
here H⊥ is the dual mean curvature vector of ∂Σ in T (∂Σ)
⊥ and ̟B is the twist vector
in T (∂Σ) defined from an orthonormal frame adapted to B. The variational derivatives
δH(ξ)/δg are well-defined and give as stationary points of H(ξ) the 3+1 form of the Einstein
field equations with respect to Σ.
This theorem is proved in [1]. For a comparison with related results in the literature, it
is useful to summarize the variational form of the gravitational field equations provided by
the Hamiltonian H(ξ).
On Σ, the gravitational field variables (i.e. Cauchy data) consist of the spatial metric
tensor h = g − t ⊗ t and the extrinsic curvature tensor K = 1
2
£th. It is convenient to
decompose the time-flow vector into normal and tangential parts ξ = Nt + N‖ on Σ. In
coordinates {xi, x0} adapted in the usual manner to Σ and ξ, note N−1 = t0 is the inverse
lapse and N‖
i
= −Nti is the shift. Then, the linearly independent parts of a variation of the
metric δg are given by δh
ij
and δt
0
, δt
i
, or equivalently δN , δN‖
i
. The stationary points of
the Hamiltonian variational principle as defined by
0 = δH(ξ)/δN, 0 = δH(ξ)/δN‖
i
, 0 = δH(ξ)/δh
ij
(3.3)
can be shown to yield, respectively, the constraint equations
R(h) +K
j
j K
i
i −KijKij = 0, DjK ji −DiK jj = 0 (3.4)
and the evolution equation
N−1∂Kij/∂ξ = 2K
l
i Kjl −KijK ll − Rij(h) + aiaj +Diaj + 2N−2N‖lK l(iDj)N (3.5)
with
N−1∂hij/∂ξ = 2Kij + 2N
−1D(iN‖j) (3.6)
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where Di = h
j
i ∇j is the spatial derivative on Σ, ∂/∂ξ = £ξ is the time derivative associated
with ξ, Rij(h) is the Ricci curvature tensor of hij and R(h) is its scalar curvature, while
ai = N
−1DiN is the spatial part of the acceleration ∇tt of the hypersurface normal t on Σ.
It is worth noting in these adapted coordinates that the geometrical vectors H,H⊥, ̟ are
expressed purely in terms of the Cauchy data (hij, Kij) on Σ and the outward unit normal
u
i
to S in Σ by
H
i
= κ(u)u
i
+ κ(t)N−1N‖
i
, H
0
= −N−1κ(t), (3.7)
H
i
⊥ = −κ(t)ui − κ(u)N−1N‖i, H0⊥ = N−1κ(u), (3.8)
|H| = |H⊥| =
√
|κ(u)2 − κ(t)2|, (3.9)
and
̟
i
= u
l
σ
ij
Kjl +Diχ. (3.10)
Here κ(t) = σ
ij
Kij and κ(u) = Diui are mean extrinsic curvatures of S, while coshχ =
κ(t)/|H| and sinhχ = κ(u)/|H| determine the boost parameter χ relating t and H⊥ at each
point on S.
The previous theorem is not intended to address the issue of whether the initial boundary
value problem for the Einstein field equations is well-posed (i.e. if there exist solutions g
satisfying the boundary conditions, initial conditions and constraints), nor does it deal with
the related issue of construction of a phase space for such solutions. Rather, the theorem
simply provides a well-defined variational principle yielding the Einstein field equations in
3+1 form on spacelike hypersurfaces Σ with spatial boundary 2-surfaces S = ∂Σ. Its main
application will be to give a covariant derivation of quasilocal gravitational quantities.
On solutions of the Einstein field equations, the value of the Dirichlet Hamiltonian reduces
to the surface integral
H∂Σ(ξ) =
1
8π
∮
∂Σ
ξ · (H⊥ +̟B +Href)dS. (3.11)
The associated vector field PB ≡ H⊥ + ̟B is called the gravitational Dirichlet symplectic
vector [1] and it is well defined just given the 2-surface (∂Σ, σ) along with the extrinsic
geometry of ∂Σ with respect to the boundary hypersurface B. Note, since the only vector
available depending just on the boundary data q and the 2-surface ∂Σ is e0, it follows that
Href = e0Href0 where Href0 depends only on σ. Now consider the choice of flows ξ = e0 and
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ξ = e1 given by the adapted normal frame for ∂Σ associated with B. The resulting surface
integrals
H∂Σ(e0) =
1
8π
∮
∂Σ
e0 · (H⊥ +Href)dS = − 1
8π
∮
∂Σ
(Href0 + κ(e1))dS (3.12)
H∂Σ(e1) =
1
8π
∮
∂Σ
e1 · (H⊥ +Href)dS = − 1
8π
∮
∂Σ
κ(e0)dS (3.13)
yield, respectively, Brown and York’s expressions [6, 7] for quasilocal energy and quasilo-
cal normal momentum (i.e. outward-directed component of linear momentum). The term∮
∂Σ
Href0 dS in the energy expression is called the reference energy. It is common to fix Href0 by
considering an isometric embedding of (∂Σ, σ) into a hyperplane Σ|flat = R3 in Minkowski
space R3,1 and put Href0 = ξ|flat⌋(H⊥ + ̟B)|flat where ξ|flat is identified with the vector
e0 |flat in the normal frame for ∂Σ associated with the hyperplane Σ|flat. By Weyl’s theo-
rem [23], such an embedding exists (and is unique up to isometry, i.e. rigid motions of the
2-surface) provided that ∂Σ has positive intrinsic scalar curvature, R > 0. This positivity
implies ∂Σ has the topology of a 2-sphere since according to the Gauss-Bonnet theorem
[24],
∮ RdS = 4π(1 − g) will be positive only if the topological genus (which measures the
number of handles) of ∂Σ is g = 0. Because Σ|flat is a hyperplane, note that κ(e0 |flat) = 0
and hence H⊥|flat = κ(e1 |flat)e0 |flat. This yields
−Href0 = κ(e1|flat) = κ(e1)|Eucl. (3.14)
which is simply the extrinsic scalar curvature of ∂Σ as a 2-surface embedded in Euclidean
space R3. Therefore the Brown-York quasilocal energy is given by
H∂Σ(e0) =
1
8π
∮
∂Σ
(κ(e1)|Eucl. − κ(e1))dS ≡ EBY(∂Σ, B) (3.15)
namely the difference in the 3-dimensional total mean curvature of ∂Σ measured in a space-
like hypersurface orthogonal to B versus a Euclidean reference space.
Brown and York’s expression for quasilocal angular momentum arises similarly from the
choice of a flow ξ = φ given by a Killing vector on ∂Σ (assuming the 2-surface admits a
rotational symmetry, £φσ = 0). This yields
H∂Σ(φ) =
1
8π
∮
∂Σ
φ · (̟B +Href)dS = 1
8π
∮
∂Σ
e1 · ∇φe0dS ≡ JBYφ (∂Σ) (3.16)
with φ ·̟B = e1 · ∇φe0 and φ · Href = 0 which follows from Href = e0Href0 .
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Thus H⊥ is seen to have the role of a local rest-frame energy-momentum vector that
belongs to the normal space T (∂Σ)⊥ and depends just on the extrinsic geometry of ∂Σ in
spacetime, while ̟B has the role of a local angular-momentum vector that belongs to the
tangent space T (∂Σ) and depends on the boundary hypersurface B in spacetime. However,
the quasilocal angular momentum (3.16) is independent of B. Specifically, if the direction
of B orthogonal to ∂Σ is boosted at points on ∂Σ, then ̟B changes by a gradient ∇χ
where the function χ on ∂Σ represents the boost parameter. Hence, since Killing vectors φ
are divergence free, φ · ̟B changes just by φ · ∇χ = D · (χφ) which is an irrelevant total
divergence on ∂Σ (i.e.
∮
S
φ · ∇χdS = 0 by Stokes’ theorem). In contrast the quasilocal
energy (3.15) has the quite unsatisfactory feature of depending on an arbitrary choice for
the boundary hypersurface B and Hamiltonian flow ξ. This dependence is typically phrased
as a lack of invariance under boosts of the normal frame {e0, e1}, corresponding to a change
of B. Moreover, both B and ξ are non-dynamical in the sense that the vector field ξ on
M is independent of the spacetime metric g while the hypersurface B is determined by Lie
dragging of S along this vector field. So, in such a Hamiltonian setting, ξ and B remain
fixed under changes of the Cauchy data on Σ.
But for applications in numerical relativity and in gluing of solutions, dynamical bound-
aries that depend on the time evolution of the gravitational field variables on Σ are of
interest. Thus the aim now will be to consider dynamical time-flow vector fields ξ (called
“live” fields in numerical relativity) and associated timelike boundaries B that are allowed
to change with g.
A. Mean curvature Hamiltonians and flows
A natural proposal in terms of the geometry of spacelike 2-surfaces S in spacetime is to
consider a dynamical time-flow defined by the dual mean curvature vector
ξ|S = |H|−1H⊥ ≡ Hˆ⊥. (3.17)
For 2-surfaces S = ∂Σ that are regular, this flow is timelike or null. The Hamiltonian
analysis carried out in Ref.[2] gives the following result.
Theorem 3.2: Let boundary conditions on g at a convex-boundary ∂Σ be defined by fixing
the mean curvature timelike-flow Hˆ⊥ and 2-surface metric σ. Then a Hamiltonian for the
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3+1 form of the Einstein field equations on Σ is given by
H(Hˆ⊥) = HADM(ξ) +
1
8π
∮
∂Σ
(Href⊥ − |H|)dS (3.18)
where Href⊥ depends only on σ, and where ξ denotes a smooth extension of ξ|S = Hˆ⊥ from
∂Σ into Σ.
A natural choice of Href⊥ is |H|flat with (S, σ) embedded into a hyperplane in Minkowski
space. When evaluated on solutions of the field equations, the Hamiltonian (3.18) yields
a geometrical quantity, the difference of the 4-dimensional total mean curvature of S in
spacetime and in Minkowski space,
H∂Σ(Hˆ⊥) =
1
8π
∮
∂Σ
(|H|flat − |H|)dS ≡ EMC(S) (3.19)
which depends on just S, σ, and g. Clearly, its interpretation relative to the Brown-
York quantities is that of a “rest mass”, analogous to the relation between ADM energy-
momentum and mass. Accordingly the quasilocal quantity (3.19) will be referred to as the
mean curvature mass. An equivalent definition but in a less covariantly geometrical form
appears in work of Kijowski [11], Lau [12], Epp [13], Liu and Yau [14], and others [25].
There is an interesting generalization of the previous theorem, leading to a family of
geometric quasilocal mass definitions that include as special cases both the mean curvature
mass and the Hawking mass. Take the Hamiltonian flow at S to be
ξ|S = c(σ)|H|n−1H⊥ (3.20)
in terms of a parameter n, where c(σ) depends only on σ. Then the following result will be
proved later.
Theorem 3.3: Let the 2-surface metric σ and the mean curvature timelike-flow vector
|H|nHˆ⊥ be fixed boundary data at a convex-boundary ∂Σ. Under these boundary conditions
on g, there exists a Hamiltonian for the 3+1 form of the Einstein field equations on Σ, given
by the ADM Hamiltonian HADM(ξ) plus the boundary term H
(n)
∂Σ (Hˆ⊥) =
1
8pi
∮
∂Σ
(Href⊥ (σ) −
1
n+1
c(σ)|H|n+1)dS where Href⊥ depends only on σ, and where the time-flow ξ is a smooth
extension of ξ|S into Σ.
So that H
(n)
∂Σ (Hˆ⊥) has physical units of energy, put c(σ) = c0
√
A
n
with c0 = const and
A =
∮
S
dS denoting the area of S, and also factor out c(σ)/(n + 1) from Href⊥ (σ). These
choices yield
H
(n)
∂Σ (Hˆ⊥) =
c0
8π(n+ 1)
√
A
n
∮
∂Σ
(Href⊥ (σ)− |H|n+1)dS (3.21)
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where Href⊥ (σ) now is required to have the same physical units as |H|n+1. For n = 0 the
expression H
(0)
∂Σ(Hˆ⊥) reduces to the mean curvature mass (3.19) if Href⊥ (σ) = |H|flat is given
by the isometric embedding of (S, σ) as before, which assumes S is a topological 2-sphere
with positive scalar curvature. On the other hand for n = 1, H
(1)
∂Σ(Hˆ⊥) is proportional to
the Hawking mass
EH(S) ≡
√
A
16π
∮
∂Σ
(4R− |H|2)dS (3.22)
if Href⊥ (σ)/4 = R is chosen equal to the scalar curvature of S. Because no embedding is
involved in this case, there are no restrictions needed on the topology or scalar curvature
for S and thus an equivalent choice for Href⊥ (σ) is 16π(1− g)/A since, by the Gauss-Bonnet
theorem,
∮ RdS = 4π(1 − g) where g is the topological genus of S (i.e. g = 0 is 2-sphere,
g = 1 is a torus, etc.).
A further natural generalization is obtained by taking the Hamiltonian flow to be along
the direction of the Dirichlet symplectic vector P = H⊥+̟ associated to the mean curvature
frame {H⊥, H} of ∂Σ. So consider
ξ|S = c(σ)|P |n−1P (3.23)
where |P | =√|P 2|, and c(σ) depends only on σ. Observe that
P 2 = H2⊥ +̟
2, H2 = −H2⊥ (3.24)
and so
P 2 ≤ 0 iff |H| ≥ |̟| ≥ 0. (3.25)
From the expressions for the Brown-York quasilocal quantities, on a convex-regular 2-surface
S the scalar mean curvature |H| may be interpreted as a “mass density” and the mean
curvature twist ̟ as an “angular momentum density” vector. This motivates introducing
the local “energy” condition |H| ≥ |̟| on a spacelike 2-surface S so that P is a timelike or
null vector at every point on S. Notice if this condition holds on S then it implies S is a
convex-regular 2-surface.
Definition 3.4: A 2-surface S will be called twist-free if ̟(H) = 0 holds everywhere on S.
Note if a convex-regular 2-surface is twist-free then its mean curvature twist vanishes,
̟ = |H|−2̟(H) = 0. Consequently the full expansion of such a 2-surface vanishes in the
direction of the dual mean curvature vector
£H⊥ǫ(S) = 0. (3.26)
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The following result will be proved later.
Theorem 3.5: Suppose a 2-surface S = ∂Σ satisfies the local energy condition P 2 < 0
(implying S is a convex-boundary). Let the 2-surface metric σ and the Dirichlet vector
|P |n−1P be fixed boundary data at ∂Σ. Take ξ to be a smooth extension of the symplectic
flow (3.23) into Σ. Under these boundary conditions on g, a Hamiltonian for the 3+1 form
of the Einstein field equations on Σ is given by the ADM Hamiltonian HADM(ξ) plus the
boundary term H
(n)
∂Σ (Pˆ ) =
1
8pi(n+1)
∮
∂Σ
c(σ)(Href⊥ (σ)− |P |n+1)dS where Href⊥ depends only on
σ (with the factor c(σ)/(n+ 1) having been scaled out for convenience).
As earlier, it is natural to put c(σ) = c0
√
A
n
so H
(n)
∂Σ (Pˆ ) will have physical units of energy,
while Href⊥ (σ) shares the same units as |H|n+1, so thus
H
(n)
∂Σ (Pˆ ) =
c0
8π(n+ 1)
√
A
n
∮
∂Σ
(Href⊥ (σ)− |P |n+1)dS. (3.27)
Some remarks on the geometrical, spacetime meaning of the boundary conditions in
theorems 3.3 and 3.5 are appropriate. Observe that the boundary data σ and |P |n−1P or
|H|n−1H⊥ together define a family of flows of the 2-surface S in spacetime, each of which
locally generates some timelike hypersurface B when S satisfies the local energy condition
P 2 < 0. The component of these flows orthogonal to S is given by the direction of the
timelike mean curvature vector H⊥. This yields, geometrically, a mean curvature flow of
2-surfaces produced by S being Lie dragged along the direction Hˆ⊥, with the flows differing
just in the speed, which depends on n. In the case n = 0, it follows that the boundary
conditions in the Hamiltonian have the geometrical content of fixing the intrinsic metric
on the resulting timelike hypersurface (i.e. the image of S in the flow) in spacetime. (An
obvious analytical question of interest is how long the flow will remain smooth and timelike,
and what will happen to the intrinsic geometry of the 2-surface in the flow.)
The tangential component of the above family of flows on S is proportional to the mean
curvature twist vector ̟. This flow is less interesting geometrically than is the timelike
mean curvature flow, nevertheless it is still relevant in a Hamiltonian setting as follows.
Theorem 3.6: Let the boundary data at a convex-boundary S = ∂Σ consist of the 2-
surface metric σ and mean curvature twist ̟. Consider a Hamiltonian flow ξ given by a
smooth extension of ξ|S = c(σ)̟ on S into Σ. Then the ADM Hamiltonian HADM(ξ) yields
a well-defined variational principle under the addition of the boundary term H∂Σ(̟) =
1
16pi
∮
∂Σ
c(σ)(Href‖ (σ) + |̟|2)dS.
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If ̟ is interpreted as a rotational covector field on S then H∂Σ(̟) will have physical
units of squared angular momentum by putting c(σ) = c0A
2.
A slight generalization of the previous theorem arises from using the Hamiltonian flow
ξ|S = c(σ)|H|n̟, together with the boundary condition that |H| is fixed in addition to ̟
at S = ∂Σ. The resulting boundary term in the Hamiltonian is given by
H
(n)
∂Σ (̟) =
c0
16π
√
A
4+n
∮
∂Σ
(Href‖ (σ) + |H|n|̟|2)dS (3.28)
where H
(n)
∂Σ (̟) is defined to have physical units of squared angular momentum.
Proofs of theorems 3.2, 3.3, 3,5, 3.6 will be given next.
B. Noether charge analysis for Hamiltonians with mean curvature time flow
The Noether charge formalism is summarized as follows [1]. Consider a general
diffeomorphism-invariant field theory described by a Lagrangian 4-form L(φ), for dynami-
cal fields φ on spacetime M . The symplectic potential is a 3-form Θ(φ, δφ) related to the
equations of motion, δL/δφ = E (φ) = 0, through the variation of the Lagrangian,
δL(φ) = E (φ)δφ+ dΘ(φ, δφ) (3.29)
for arbitrary variations δφ. The symplectic current 3-form ω is defined by
ω(δ1φ, δ2φ) = δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ) (3.30)
and remains unchanged under addition of any exact 4-form to L. Integration of ω over a
spacelike hypersurface Σ gives the presymplectic form Ω =
∫
Σ
ω, which encodes the sym-
plectic structure of the field theory in a covariant manner [26, 27].
Suppose a flow is given on M by a vector field ξ, which will be allowed to depend on φ.
If the presymplectic form is a total variation on shell (i.e. when E (φ) = 0)
Ω(φ, δφ,£ξφ) =
∫
Σ
ω(φ, δφ,£ξφ) = δH(ξ) (3.31)
for some functional H(ξ) =
∫
Σ
H(φ, ξ)dΣ, then H(ξ) is conserved along ξ, i.e. £ξH(ξ) = 0.
This functional H(ξ) is called the Hamiltonian conjugate to ξ.
Associated with the flow ξ is a Noether current 3-form J defined by
J(φ, ξ) = Θ(φ,£ξφ)− ξ⌋L(φ) (3.32)
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where £ξ denotes the Lie derivative and ξ⌋ is the interior product. Because δξφ ≡ £ξφ
generates a diffeomorphism symmetry of the Lagrangian,
δξL(φ) = d(ξ⌋L(φ) = £ξL(φ), (3.33)
the Noether current is conserved, i.e. closed on shell, since dJ(φ, ξ) = −E (φ)£ξφ = 0 when
E (φ) = 0. Consequently, as the conservation holds for any flow ξ, it can be shown by an
application of a homotopy integral formula [28, 29] with respect to ξ that, on shell, the
Noether current is exact. Hence there is a 2-form Q (the Noether potential) given by
J(φ, ξ) = dQ(φ, ξ). (3.34)
Under variations of φ with ξ kept fixed, δξ = 0, the Noether current satisfies
δJ(φ, ξ) = ω(φ, δφ,£ξφ) + d(ξ⌋Θ(φ, δφ)). (3.35)
This implies, on shell,
Ω(φ, δφ,£ξφ) = δ
∫
Σ
J(φ, ξ)−
∫
∂Σ
ξ⌋Θ(φ, δφ). (3.36)
So, in order to have a well-defined Hamiltonian, the boundary term needs to be a total
variation, namely there must exist a 2-form B(φ, ξ) such that at the boundary ∂Σ
ξ⌋Θ(φ, δφ) = δB(φ, ξ) (3.37)
holding on shell. Then the on-shell Hamiltonian will be given by
H(ξ) =
∮
∂Σ
Q(φ, ξ)− B(φ, ξ). (3.38)
Now take the Hilbert Lagrangian for General Relativity, using an orthonormal frame
1-form field e
a
for the gravitational field variable [30],
L = 1
4!
Rǫabcde
a ∧ eb ∧ ec ∧ ed = Rab ∧ ∗(e ∧ e)ab (3.39)
where ∗(e ∧ e)ab = 12ǫabcdec ∧ ed, Rab = dΓab + Γ ac ∧ Γbc is the curvature 2-form, Γ ab is the
frame connection 1-form determined by de
a
= Γ
a
b (e) ∧ eb, R = 12(ea ∧ eb)⌋Rab is the scalar
curvature (trace of the Ricci tensor), using the coframe ea of e
a
, i.e. ea⌋eb = δba. (Note
ea ∧ eb denotes the bi-vector dual to the 2-form ea ∧ eb.) For simplicity the standard factor
of 1/16π has been dropped in the Lagrangian.
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After use of the fact that Γ
a
b (e) satisfies δL/δΓ ab = 0 (implying the connection is metric
compatible), an arbitrary variation of the Lagrangian gives
δL = ǫabcdRab ∧ ec ∧ δed + d(δΓab(e) ∧ ∗(e ∧ e)ab) (3.40)
which yields
Θ(e, δe) = δΓ
ab
(e) ∧ ∗(e ∧ e)ab (3.41)
and
0 = Ea(e) = δL/δea = eb ∧Rcdǫbcda (3.42)
where 1
2
∗ Ea(e) = ea⌋(Ric− 12gR) are the Einstein field equations on ea.
The Noether current 3-form is given by [1, 2]
J(e, ξ) = dQ(e, ξ) + (ξ⌋ea)Ea(e) (3.43)
where
Q(e, ξ) = (ξ⌋Γab(e))∗(e ∧ e)ab (3.44)
is the Noether charge 2-form potential.
To prove theorem 3.5, consider a hypersurface Σ with a spacelike boundary 2-surface
S on which the local energy condition P · P < 0 holds and with the following boundary
conditions: Let a smooth extension of
ξ|S = |P |nP (3.45)
into Σ define the time-flow ξ, with |P | = √−P · P . One boundary condition will be to fix
this time-flow vector at the 2-surface
δξ|S = 0. (3.46)
Another boundary condition will be to fix the intrinsic metric of the 2-surface
δea |S = 0, a = 2, 3 (3.47)
where ea denotes the tangential frame of S. In addition, it will be convenient to adapt the
normal frame to the extrinsic geometry of S by putting
e0 |S = |H|−1H⊥, e1 |S = |H|−1H (3.48)
25
i.e. the mean curvature frame. Hereafter we write the coframe for T ∗(M)|S satisfying
equations (3.47) and (3.48) as ϑ
a
. Then using boundary conditions (3.46) and (3.47), we
have ∮
S
ξ⌋Θ(ϑ, δϑ) =
∮
S
ξ⌋(δΓab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab)
=
∮
S
δ(ξ⌋(Γab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab)) + (ξ⌋δϑc)ǫabcdΓab(ϑ) ∧ ϑd. (3.49)
Note that the following identity holds on the 2-surface S for any vector field V aea :
ǫabcdV
cΓ
ab
(e) ∧ ed = (−V 0κ(e1)− V 1κ(e0) + V a̟(e)a)ǫcd ec ∧ ed (3.50)
which reduces to
ǫabcdV
cΓ
ab
(ϑ) ∧ ϑd = (−V 0|H|+ V a̟a)ǫcdϑc ∧ ϑd (3.51)
in the adapted coframe ϑ
a
.
In the last term in the integral (3.49), this identity yields∮
S
(ξ⌋δϑc)ǫabcdΓab(ϑ) ∧ ϑd =
∮
S
ξ⌋(−δϑ0|H|+ δϑa̟a)ǫcdϑc ∧ ϑd
=
∮
S
δ(−ξ⌋ϑ0|H|+ ξ⌋ϑa̟a)ǫcdϑc ∧ ϑd
+(ξ⌋ϑ0δ|H| − ξ⌋ϑaδ̟a)ǫcdϑc ∧ ϑd
=
∮
S
(−δ|P |n+2 + |P |n(|H|δ|H| −̟aδ̟a))ǫcdϑc ∧ ϑd
= −n+1
n+2
∮
S
δ|P |n+2ǫcdϑc ∧ ϑd
= n+1
n+2
∮
S
δ((ξ⌋ϑc)ǫabcdΓab(ϑ) ∧ ϑd), (3.52)
and hence∮
S
ξ⌋Θ(ϑ, δϑ) =
∮
S
δ(ξ⌋(Γab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab)) + n+1n+2δ((ξ⌋ϑc)ǫabcdΓab(ϑ) ∧ ϑd)
=
∮
S
δB(ϑ, ξ) (3.53)
where
B(ϑ, ξ) = ξ⌋(Γab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab) + n+1n+2(ξ⌋ϑ
c
)ǫabcdΓ
ab
(ϑ) ∧ ϑd. (3.54)
Thus we obtain
Ω(e, δe,£ξe) =
∫
Σ
ω(e, δe,£ξe) =
∫
Σ
δ(J(ϑ, ξ)− dB(ϑ, ξ)) = δH(ξ) (3.55)
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where
H(ξ) =
∫
Σ
(ξ⌋ϑa)Ea(e) +
∮
S
Q(ϑ, ξ)− B(ϑ, ξ) (3.56)
is the off-shell Hamiltonian. Its boundary term is given by
H∂Σ(ξ) =
∮
S
Q(ϑ, ξ)− B(ϑ, ξ)
=
∮
S
(ξ⌋Γab(ϑ))∗(ϑ ∧ ϑ)ab − ξ⌋(Γab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab)− n+1n+2(ξ⌋ϑ
c
)ǫabcdΓ
ab
(ϑ) ∧ ϑd
=
∮
S
(1− n+1
n+2
)(ξ⌋ϑc)ǫabcdΓab(ϑ) ∧ ϑd
= 1
n+2
∮
S
|P |n(−|H|2 + |̟|2)ǫcdϑc ∧ ϑd
= − 2
n+2
∮
S
|P |n+2dS = 2
n+2
∮
S
ξ · PdS (3.57)
with dS = 1
2
ǫcdϑ
c ∧ ϑd = ǫ(S) denoting the 2-surface area element. The volume term in
H(ξ) is simply given by 16π times the ADM Hamiltonian (3.1), which vanishes on-shell.
This establishes theorem 3.5. Theorems 3.3 and 3.6 can be proved by a similar analysis.
C. Analysis of null flows and Hamiltonians
It is interesting to generalize the previous results to consider mean curvature null flows
given by
ξ|S = c(σ)|H|nH+ (3.58)
where H+ =
1
2
(H⊥ +H) is the outward mean curvature null vector at a boundary 2-surface
S = ∂Σ which will not be assumed to be convex hereafter.
Theorem 3.7: Let the 2-surface metric σ and scaled mean curvature null flow vector
|H|nH+ be fixed boundary data at ∂Σ. Then a Hamiltonian for the 3+1 form of the Einstein
field equations is given by the ADM Hamiltonian HADM(ξ) plus the boundary term
H
(n)
∂Σ (H+) =
c(σ)
8π(n+ 2)
∮
∂Σ
(Href+ (σ)− |H|n+2)dS (3.59)
where Href+ depends only on σ, and where ξ is a smooth extension of ξ|S into Σ.
The boundary term here is almost the same as the one in theorem 3.3 for the timelike
flow ξ|S = c(σ)|H|n−1H⊥, apart from a trivial change just in the overall numerical factor.
In contrast the boundary data in theorem 3.7 has a different geometrical meaning compared
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to theorem 3.3 as it yields a family of geometric null flows of the 2-surface S in spacetime,
given by Lie dragging S along the null mean curvature direction H+, locally generating a
null hypersurface B.
This null flow is nontrivial for n > 0 provided S is a convex-boundary (in which case
|H| > 0). For n = 0, S need not be convex to define the flow, since ξ|S = H+ is a
well-defined null vector for any spacelike 2-surface S. Consequently, the n = 0 case of
theorem 3.7 is applicable to marginally outward trapped 2-surfaces and apparent horizons,
given by H+ = H = H⊥ on S, and |H| = 0 on S, respectively.
The proof of theorem 3.7 will now be outlined. As in the previous theorems, under the
boundary conditions (3.46) and (3.47) we have
∮
S
ξ⌋Θ(ϑ, δϑ) =
∮
S
δ(ξ⌋(Γab(ϑ) ∧ ∗(ϑ ∧ ϑ)ab)) + (ξ⌋δϑc)ǫabcdΓab(ϑ) ∧ ϑd (3.60)
where ϑa now denotes a null frame adapted to the null mean curvature vectors ϑ±|S = H±.
The main identity (3.51) thus becomes
ǫabcdV
cΓ
ab
(ϑ) ∧ ϑd = (V + + 1
2
|H|2V − ∓ V a̟±a )ǫcdϑc ∧ ϑd (3.61)
for any vector field V aea at S. Hence the last term in the integral (3.60) reduces to
∮
S
(ξ⌋δϑc)ǫabcdΓab(ϑ) ∧ ϑd =
∮
S
ξ⌋(δϑ+ + 1
2
|H|2δϑ−)ǫcdϑc ∧ ϑd
=
∮
S
1
2
δ(|H|2ξ⌋ϑ−)ǫcdϑc ∧ ϑd − 12ξ⌋ϑ
−
δ(|H|2)ǫcdϑc ∧ ϑd
=
∮
S
(−δ|H|n+2 + |H|nδ|H|2)1
2
ǫcdϑ
c ∧ ϑd
= − n
n+2
∮
S
δ|H|n+2 1
2
ǫcdϑ
c ∧ ϑd
= n
n+2
∮
S
δ(1
2
(ξ⌋ϑc)ǫabcdΓab(ϑ) ∧ ϑd). (3.62)
As a result, the boundary term in the Hamiltonian (3.56) is given by
H∂Σ(ξ) =
∮
S
Q(ϑ, ξ)− B(ϑ, ξ)
=
∮
S
1
2
(1− n
n+2
)(ξ⌋ϑc)ǫabcdΓab(ϑ) ∧ ϑd
= − 2
n+2
∮
S
|H|n+2dS = 4
n+2
∮
S
ξ · PdS (3.63)
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which completes the proof. One remark concerning this boundary Hamiltonian is that since
ξ is a null vector the expression ξ · P depends only on the normal part of the symplectic
vector P , namely H⊥, and thus is well-defined even when S is not convex.
Finally, it is worth stating that theorem 3.6 can be easily generalized (with a similar
proof) by considering the null mean curvature twist ̟± as a rotational Hamiltonian flow,
which is applicable to marginally outward trapped surfaces and apparent horizons.
Theorem 3.8: For a Hamiltonian flow ξ given by a smooth extension of ξ|S = c(σ)|H|n̟±
on S into Σ, let the boundary data at S = ∂Σ consist of the 2-surface metric σ and null
mean curvature twist ̟± in addition to the scalar mean curvature |H| for n 6= 0. Then the
ADM Hamiltonian HADM(ξ) yields a well-defined variational principle under the addition
of the boundary term H
(n)
∂Σ (̟
±) = 1
16pi
∮
∂Σ
c(σ)(Href± (σ) + |H|n|̟±|2)dS where Href± depends
only on σ.
Note H
(n)
∂Σ (̟
±) will have physical units of squared angular momentum if c(σ) = c0
√
A
4+n
as before.
IV. QUASILOCAL MEAN-CURVATURE QUANTITIES
The various boundary Hamiltonians H∂Σ coming from theorems 3.3 and 3.5 to 3.8 can be
naturally studied as geometric quasilocal quantities defined for spacelike 2-surfaces in any
spacetime, and not just solutions of the Einstein field equations. This will yield quasilocal
mass-energy definitions as well as quasilocal angular momentum definitions underpinned by
Hamiltonian and geometrical considerations.
A. Mean-curvature mass
The expressions for the boundary Hamiltonians (3.21) and (3.59) in theorems 3.3 and 3.7,
respectively for timelike and null Hamiltonian flows, provide a one-parameter family of
geometric definitions of quasilocal mass-energy for regular 2-surfaces, i.e. such that S is
closed, spacelike, and its mean curvature vector is spacelike or null, H2 ≥ 0.
Some choice for the reference mass-energy density Href⊥ (σ) must first be made in these
expressions. The choice used in the mean-curvature mass expression (3.19) for the case n = 0
has the obvious generalization Href⊥ (σ) = |H|n+1flat = |P |n+1flat for n > 0, under an isometric
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embedding of (S, σ) into a spacelike hyperplane in Minkowski space, using ̟|flat = 0 since
the timelike normal in the embedding is parallel-transported under displacements on the
hyperplane.
For spacelike 2-surfaces S that are regular and have positive Gaussian curvature R > 0,
the n+ 1-power mean-curvature mass will be defined by
EMC(n) (S) =
c0
8π(n+ 1)
√
A
n
∮
S
(|H|n+1flat − |H|n+1)dS (4.1)
(where the curvature positivity implies these 2-surfaces S necessarily are restricted to have
the topology of a 2-sphere).
Another natural choice, extending the expression for the Hawking mass (3.22), is
Href⊥ (σ) =
√
4|R|n+1, which will apply to 2-surfaces S of any topology.
For spacelike 2-surfaces S that are regular, the n+1-power Hawking mass will be defined
by
EH(n)(S) =
c0
8π(n+ 1)
√
A
n
∮
S
(
√
4|R|n+1 − |H|n+1)dS. (4.2)
Both of the quasilocal mass expressions are well-defined for n < −1 only if S is convex-
regular, so |H| > 0 on S. However, for n ≥ 1, these expressions can be applied to marginally
trapped surfaces or apparent horizons, where |H| = 0 holds everywhere on S.
Based on the boundary Hamiltonian in theorem 3.5, the mass-energy definitions (4.1)
and (4.2) can be generalized for convex-regular 2-surfaces further satisfying the local energy
condition |H| ≥ |̟|:
PMC(n) (S) =
c0
8π(n+ 1)
√
A
n
∮
S
(|H|n+1flat − |P |n+1)dS
=
c0
8π(n+ 1)
√
A
n
∮
S
(|H|n+1flat −
√
|H|2 − |̟|2n+1)dS (4.3)
and
PH(n)(S) =
c0
8π(n+ 1)
√
A
n
∮
S
(
√
4|R|n+1 − |P |n+1)dS
=
c0
8π(n+ 1)
√
A
n
∮
S
(
√
4|R|n+1 −
√
|H|2 − |̟|2n+1)dS, (4.4)
which will be called a symplectic variant of the quasilocal mass. Again for n < −1, these
expressions require that S be sufficiently convex, so that |H| > |̟| ≥ 0.
Proposition 4.3: The symplectic mass expressions satisfy
P(n)(S) ≥ E(n)(S) (4.5)
30
with equality iff the 2-surface S is twist-free, i.e. ̟ = 0 everywhere on S.
It is straightforward to fix c0 in all these definitions by a comparison with the ADM mass
in a large sphere limit, as will be discussed later.
The reference terms in the n+ 1-power Hawking and mean-curvature mass definitions
∮
S
√
4|R|n+1dS and
∮
S
|H|n+1flat dS (4.6)
have a close relationship coming from the Gauss equation for spacelike 2-surfaces in space-
time
2R = 1
2
κ(e1)
2 − 1
2
κ(e0)
2 − |K(e1)|2 + |K(e0)|2 (4.7)
where |K(e)|2 ≡ K(e) · K(e). In a mean curvature frame for a regular 2-surface embedded
in a hyperplane in Minkowski space, the Gauss equation reduces to
|H|2flat = 2R+ 4|K(Hˆ)|2flat. (4.8)
This is equivalent to the familiar Gauss equation in Euclidean surface theory [31]. Conse-
quently, if S has positive curvature R > 0 as assumed for existence of an embedding, the
reference terms then differ only by a squared mean curvature shear term |K(Hˆ)|2flat which
vanishes when, and only when, S is everywhere umbilic in the hyperplane. Such umbilical
surfaces S can only be metric 2-spheres (i.e. isometric to a standard sphere in R3 of radius
1/
√R) as is well-known by the classification of compact umbilical 2-surfaces in Euclidean
space [31].
Proposition 4.4: For a regular 2-surface S with positive curvature, the reference terms
(4.6) are equal iff S is isometric to a metric 2-sphere. If S is not a metric 2-sphere, a
comparison of the two reference terms yields the strict inequality
EMC(n) (S) =
c0
8π(n+ 1)
√
A
n
∮
S
(
√
4R+ 2|K(Hˆ)|2flat
n+1
− |H|n+1)dS > EH(n)(S) (4.9)
and likewise for the corresponding Dirichlet mass expressions.
Clearly, the n+1-power mean-curvature mass (4.1) will vanish for any 2-surface S lying in
a hyperplane in Minkowski space. In contrast, from Proposition 4.4 and the Gauss equation
(4.8), the n+1-power Hawking mass (4.2) vanishes only when such a 2-surface is umbilical.
Namely, for non-umbilical 2-surfaces S ′ that lie in a hyperplane,
PH(n)(S
′) = EH(n)(S
′) =
c0
8π(n+ 1)
√
A
n
∮
S′
(
√
|H|2flat − 2|K(Hˆ)|2flat
n+1
−|H|n+1flat )dS < 0 (4.10)
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as K(Hˆ)|flat 6= 0 on some portion of such a 2-surface S ′. Notice this inequality holds in
particular for the case of the Hawking mass itself (n = 1),
EH(S ′) = −
√
A
16π
∮
S′
|K(Hˆ)|2flatdS < 0. (4.11)
In Minkowski space, hyperplanes are distinguished as hypersurfaces on which the dual
mean curvature vectorH⊥ is parallel-transported under displacements over the hypersurface,
i.e. the mean curvature twist is identically zero on a hyperplane and, in particular, on any
2-surface spanned by a hyperplane. A generalization of the latter property to any spacetime
is provided by the definition of a twist-free 2-surface, for which ̟ = 0 holds at every point.
B. Mean-curvature angular momentum
The significance of a non-vanishing mean curvature twist ̟ for 2-surfaces S is evidently
connected with the Brown-York definition of quasilocal angular momentum when S possesses
a rotational Killing vector. A related meaning arises from the family of boundary Hamil-
tonians from theorem 3.6 in which ̟ is viewed as a geometric rotational flow on spacelike
2-surfaces.
For convex-regular 2-surfaces S, the mean curvature angular momentum will be defined
by
JMC(S)2 = c˜0A
2
∮
S
|̟|2dS. (4.12)
As with the mean-curvature mass, it is straightforward to fix c˜0 by a comparison with the
ADM angular momentum in a large sphere limit.
The definition here involves the natural choice Href‖ (σ) ≡ 0 for the reference angular mo-
mentum density in the boundary Hamiltonian. This is motivated in terms of the rotational
flow ̟ on S by putting Href‖ (σ) = |̟|2flat where |̟|flat = 0 under isometrically embedding
(S, σ) into a hyperplane in Minkowski space, paralleling what was done for the reference
mass-energy density.
The convexity condition on S, namely |H| > 0, is necessary so a mean curvature normal
frame exists as needed to define ̟. There is a natural way to relax this condition if ̟
is replaced by the null mean curvature twist ̟± which is a well-defined expression (2.37)
and (2.38) in terms of the null mean curvature vectors H± for any regular spacelike 2-
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surface. The boundary Hamiltonian in theorem 3.8 motivates the following generalization
of the mean curvature angular momentum.
For spacelike 2-surfaces that are regular, the null mean curvature angular momentum will
be defined by
JMC± (S)
2 = c˜0A
2
∮
S
|̟±|2dS (4.13)
which applies in particular when S is a marginally trapped surface or an apparent horizon.
The quasilocal quantity JMC± (S)
2 should be compared with the angular momentum ex-
pression introduced by Hayward [35], which differs by instead using the twist of a null frame
fixed for T (S)⊥ in a certain manner chosen with respect to a 2+2 foliation of spacetime in
terms of null hypersurfaces through S. Changing this foliation produces a change in the Hay-
ward’s angular momentum, while in contrast the angular momentum expression JMC± (S)
2
depends only on S and its extrinsic null geometry in spacetime.
Finally, a slight generalization of these mean curvature angular momentum expressions
naturally arises from the scaled twists |H|n̟ and |H|n̟± interpreted as rotational flows on
the 2-surface S:
JMC(n) (S)
2 = c˜0
√
A
n+4
∮
S
|H|n|̟|2dS (4.14)
and
JMC±(n)(S)
2 = c˜0
√
A
n+4
∮
S
|H|n|̟±|2dS. (4.15)
Note these expressions respectively reduce to JMC(S)2 and JMC± (S)
2 when n = 0 and are
well defined for n < 0 whenever S is convex-regular (so |H| > 0 on S).
For 2-surfaces S that are merely regular (i.e. non-convex), JMC(n) (S) is well-defined for
n ≥ 2 due to the relation |H|n̟ = |H|n−2̟(H) where ̟(H) is the twist of the mean
curvature vectors H⊥, H . Hence, J
MC
(n) (S) and J
MC
±(n)(S) are applicable respectively for n ≥ 2
and n ≥ 0 when S is a marginally trapped surface or an apparent horizon.
V. PROPERTIES OF MEAN-CURVATURE MASS AND
ANGULAR MOMENTUM
Several criteria for a good definition of quasilocal mass have been proposed by
Christodoulou and Yau [36]. Probably the most essential of their criteria, which should
apply equally well to quasilocal angular momentum, are the following: (i) agreement with
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ADM values in a large sphere limit at spatial infinity and with irreducible mass at apparent
horizons; (ii) zero for spacelike 2-surfaces in flat spacetime; (iii) positivity under suitable
conditions in curved spacetimes. These three properties will be addressed next for the family
of mean-curvature mass and angular momentum definitions in Section IV.
A. Positivity
An impressive positivity proof of the mean-curvature mass (3.19) has been given recently
by Liu and Yau [14] based on the Riemannian mean curvature theorem of Shi and Tam
[15]. Here a positivity result will be established for the family of mean curvature quasilocal
masses (4.1): specifically, the higher-power mean-curvature masses (n > 0) will be shown
to be bounded below due to positivity of the mean-curvature mass (n = 0) itself, and
an alternative proof of the latter positivity will be given as well, related to the spacelike
mean curvature flow of 2-surfaces S in spacetime. In these results, n will be restricted to
non-negative integer values for simplicity.
Let Σ be a spacelike hypersurface spanning a regular 2-surface S with positive scalar
curvature R > 0 and hence with spherical topology. Throughout, it will be assumed that
the spacetime curvature satisfies the weak energy condition on Σ, so Ric(t, t) ≥ −1
2
R where
t is the future unit normal to Σ. In particular, the curvature inequality then holds
R(h) ≥ KijKij −K ii K jj (5.1)
where, in coordinates adapted to Σ, R(h) is the scalar curvature of hij , and Kij =
1
2
£thij is
the extrinsic curvature tensor. Let {e0 , e1} be an oriented normal frame for T (S)⊥, extended
smoothly into Σ such that e0 is normal to Σ. Then the results of Shi and Tam show that
the Brown-York quasilocal energy of S is positive under the assumption that the scalar
curvature R(h) of Σ is nonnegative.
Theorem 5.1 (Shi and Tam[15]): If R(h) ≥ 0 on (Σ, h), then
EBY(S, e0) =
1
8π
∮
S
κ(e1)|Eucl. − κ(e1)dS ≥ 0 (5.2)
with equality only when (Σ, h) is isometric to Euclidean space R3, where κ(e1)|Eucl. is the
extrinsic scalar curvature of S under embedding into R3 (by Weyl’s theorem).
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Liu and Yau reduce the proof of positivity of the mean-curvature mass (n = 0) to the-
orem 5.1 on a fixed Σ through constructing a conformal deformation of the hypersurface
metric hij by a procedure involving Jang’s equation [14]. Here a different proof will be
outlined by a special choice of the hypersurface Σ motivated by properties of the dual mean
curvature vector of S.
At S, the extrinsic curvature tensor of Σ decomposes into
Kij = −(σ ki + e1ie1k)(σ lj + e1je1l)Dkel0 = kij(e0) + e1i̟⊥j(e) + 2e1(i̟j)(e) (5.3)
and hence
K
i
i = −(σij + e1ie1j)Diej0 = κ(e0) +̟⊥1(e). (5.4)
Consequently, observe that if Σ is normal to H⊥ at S then the property κ(Hˆ⊥) = 0 leads to
(KijK
ij −K ii K jj )|S = k⊥ijk⊥ij + 2̟j̟j ≥ 0 (5.5)
with the notation
k⊥ij ≡ kij(Hˆ⊥) (5.6)
for the (trace free) extrinsic curvature of S in the dual mean curvature direction. This
immediately implies, by the spacetime weak energy condition (5.1), that
R(h)|S ≥ 0. (5.7)
Now suppose a hypersurface Σ possesses a foliation by a radial family of regular 2-surfaces
S(r) diffeomorphic to S whose mean curvature vectors H(r) lie in Σ. (The 2-surfaces S(r)
are assumed to have monotonically decreasing area A(r) =
∫
S(r)
dS, parametrized by the
radial coordinate r =
√
A(r)/(4π), with the limit S(0) as r → 0 denoting a center point for
the foliation, i.e. Σ ≃ S(0)∪S×R.) Such a hypersurface will be called sectionally-maximal
since the dual mean curvature vectors H⊥(r) will define a hypersurface orthogonal vector
field and hence each 2-surface S(r) will have zero intrinsic expansion orthogonal to Σ in
spacetime, κ⊥|S(r) = 0.
Lemma 5.2: On a sectionally-maximal hypersurface Σ, the scalar curvature is nonnegative
R(h) ≥ k⊥ijk⊥ij + 2̟j̟j ≥ 0 (5.8)
whenever the weak energy condition holds on the spacetime curvature. Moreover, the mean
curvature of S in Σ equals the spacetime mean curvature of S, κ(Hˆ) = |H|.
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Combining this result with the theorem of Shi and Tam yields positivity of the mean-
curvature mass.
Theorem 5.3: Let S be a regular 2-surface spanned by a sectionally-maximal spacelike
hypersurface Σ on which the weak energy condition is satisfied. Then the mean-curvature
mass of S is nonnegative
EMC(S) =
1
8π
∮
S
|H|flat − |H|dS ≥ 0 (5.9)
with equality only when (Σ, h) is isometric to Euclidean space R3.
Given any regular 2-surface S in spacetime, a geometrically natural means for addressing
existence of a sectionally-maximal spacelike hypersurface Σ is to consider the inward space-
like mean curvature flow of S. The flow is defined by Lie dragging S along its inward mean
curvature vector field H in spacetime
£rx
µ
(S(r)) ∝ −Hµ(r) (5.10)
where x
µ
(·) denotes the embedding of S in coordinates onM . This is a generalization of the
Riemannian mean curvature flow studied by Huisken [38, 39], where the flow £rx
i
(S(r)) ∝
−H i(r) = κ(u)ui takes place in a fixed 3-dimensional Riemannian manifold (Σ, h) and u is
the inward unit normal of S(r) in Σ. Under suitable geometric assumptions on (S, σ) and
(Σ, h) the Riemannian mean curvature flow S(r) exists and is smooth, with S(r) contracting
to a center point S(0) in a finite time (such that S(r) becomes diffeomorphic to a metric
sphere of area 4πr2 as r → 0). A similar result might be expected to hold for the mean
curvature flow of S in spacetime (M, g) under sufficiently strong geometric conditions on
(S, σ) and (M, g). A key issue will be that the flow must be shown to remain spacelike and
smooth sufficiently long to reach a center point S(0), i.e. H
µ
Hµ > 0 for all r > 0. (Outward
spacelike mean curvature flow of 2-surfaces S in asymptotically flat spacetimes has been
considered recently in Ref.[39] in connection with the Penrose inequality.)
Positivity of mean-curvature mass in theorem 5.3 leads to a (negative) lower bound on
the higher-power mean-curvature masses. As motivation for the nature of the bound, note
the sign of the mass density |H|n+1flat − |H|n+1 on a 2-surface S is controlled by the difference
in scalar mean curvatures |H|flat and |H|. Let S± denote, respectively, the portions (closed,
measurable subsets) of S on which ±|H|flat ≥ ±|H|, so EMC(S) = E¯(S+) − E¯(S−) ≥ 0
where E¯(S±) ≡ 18pi
∫
S±
||H|flat− |H||dS ≥ 0. The aim will be to use the preceding positivity
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inequalities to give a lower bound on EMC(n) (S) proportional to E¯(S−) for any n, since E
MC
(n) (S)
is manifestly non-negative if S− is empty.
Theorem 5.4: If S satisfies the hypothesis in theorem 5.3, then the higher-power mean-
curvature mass of S is bounded below by
(i) EMC(n) (S) ≥ −((max |H|)n − (min |H|)n)c0
√
A
n
E¯(S−), n ≥ 0 (5.11)
where max |H| = supS(|H|), min |H| = infS(|H|), which are finite since S is closed. For
n ≥ 1 a sharper bound is given by
(ii) EMC(n) (S)/(c0
√
A
n
) ≥ |((8π/A)EMC(S) + min |H|)n+1 − (min |H|)n+1|A/8π(n+ 1)
−|(c + 1)(max |H|)n − c(min |H|flat)n|E¯(S−) (5.12)
for some positive constant c depending only on n.
Proof. Write H0 = |H|flat, Hmin = min |H|, Hmax = max |H|. Note the positivity
EMC(S) ≥ 0 implies the inequality
∫
S+
H0 − |H|dS ≥
∫
S−
|H| −H0dS. (5.13)
In addition, note the pointwise inequalities
H0 ≥ Hmin ≥ 0 on S+ , 0 ≤ H0 ≤ Hmax on S− . (5.14)
So
∫
S
Hp0 − |H|pdS =
∫
S
(H0 − |H|)
p∑
k=1
Hp−k0 |H|k−1dS
≥ pHp−1min
∫
S+
H0 − |H|dS − pHp−1max
∫
S−
|H| −H0dS. (5.15)
Then we combine inequalities (5.13) and (5.15) and put p = n+ 1, which establishes (i) for
n ≥ 0. To derive the sharper result (ii), note
∫
S
Hp0 − |H|pdS =
p∑
k=1
(
p
k
)∫
S
|H|p−k(H0 − |H|)kdS. (5.16)
The terms in integral (5.16) with even powers of H0 − |H| are manifestly positive and can
be bounded below by means of the Holder inequality
8πEMC(S) ≤
∫
S
|H0 − |H||dS ≤ A1−1/k(
∫
S
(H0 − |H|)kdS)1/k for k even (5.17)
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combined with the elementary inequality
∫
S
|H|kfdS ≥ Hkmin
∫
S
fdS (5.18)
holding for any nonnegative function f on S. A bound for the terms with odd powers of
H0 − |H| in integral (5.16) is obtained by means of the positivity inequalities
∫
S+
H0 − |H|dS ≥
∫
S
H0 − |H|dS ≥ 0, A ≥ A(S+) (5.19)
as follows. We split the integral into portions over S±. By steps similar to those before, for
all odd k,
∫
S+
|H|p−k(H0 − |H|)kdS ≥ Hp−kmin
∫
S
|H0 − |H||kdS
≥ Hp−kmin A(S+)1−k(8πEMC(S+))k
≥ Hp−kmin A1−k(8πEMC(S))k. (5.20)
Next,
∫
S−
|H|p−k(H0 − |H|)kdS = −
∫
S−
|H|p−k|H0 − |H||k−1(H0 − |H|)dS
≥ −Hp−kmax2k−2(Hk−1max −Hmink−1|flat)|8πEMC(S−)|
≥ −2k−2(Hp−1max −Hminp−1|flat)|8πEMC(S−)| (5.21)
as we see from the pointwise inequality (5.14) combined with the algebraic inequality
(|H| −H0)k−1 ≤ 2k−2(|H|k−1 −Hk−10 ) (5.22)
which holds for |H| ≥ H0 > 0 and k > 1. Similarly, for k = 1,
∫
S−
|H|p−1(H0 − |H|)dS ≥ −Hp−1max|8πEMC(S−)|. (5.23)
Adding the previous inequalities, we obtain (ii).
These positivity results in theorems 5.3 and 5.4 extend to the quasilocal Dirichlet masses.
Proposition 5.5: If the local energy condition |H| ≥ |̟| holds on a regular 2-surface S,
then
PMC(n) (S) ≥ EMC(n) (S). (5.24)
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B. Large sphere limit and apparent horizons
The mean-curvature mass and angular momentum have good behavior in the limit S∞ of
spherical regular 2-surfaces S that suitably approach spatial infinity in asymptotically flat
spacetimes. This allows the normalization constants c0 and c˜0 to be chosen so the definitions
match the corresponding ADM quantities at spatial infinity.
Calculation of the large sphere limit follows straightforwardly from results in Ref.[2] for
the mean curvature |H| and twist ̟(H) in the large sphere limit.
Proposition 5.6: Let M∞, J∞ denote the ADM mass and angular momentum for an
asymptotically flat spacetime [40]. Then the n+ 1-power mean-curvature mass satisfies
EMC(n) (S∞) = M∞ (5.25)
if c0 = 1/
√
16π
n
, while the n + 1-power mean-curvature angular momenta satisfy
JMC(n) (S∞) = J
MC
±(n)(S∞) = J∞ (5.26)
if c˜0 = 32/(3
√
16π
n+6
).
The mean-curvature mass and angular momentum also have satisfactory behavior at
apparent horizons, namely when S is a spacelike 2-surface on which |H| = 0.
Proposition 5.7: For marginally trapped spacelike 2-surfaces Shor, the n+1-power mean-
curvature mass is equal to
EMC(n) (Shor) =
c0
8π(n+ 1)
√
A
n
∮
S
|H|n+1flat dS > 0. (5.27)
A good lower bound for this mass arises from the Minkowski inequality
∮
S
|H|flatdS ≥
√
16πA = A/Mirr (5.28)
holding for any convex 2-surface S embedded in a hyperplane in flat spacetime, where A is
its area and Mirr =
√
A/(16π) is its irreducible mass [36]. Equality holds iff S is a standard
sphere. Holder’s inequality then leads to an analogous bound on the n + 1-power mean
curvature integral
1
A
∮
S
|H|n+1flat dS ≥
(
1
A
∮
S
|H|flatdS
)n+1
≥
√
16π/A
n+1
= 1/Mn+1irr . (5.29)
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This immediately implies a lower bound on the n + 1-power mean-curvature mass for any
marginally trapped 2-surface,
EMC(n) (Shor) ≥
c0
8π(n+ 1)
√
16π
n√
16πA =
2Mirr
n+ 1
(5.30)
where c0 is normalized according to the large sphere limit in proposition 5.6. In particular,
the mean-curvature mass is bounded below precisely by the irreducible mass when n = 1, so
in this case it obeys a quasilocal version of the well-known Gibbons-Penrose inequality. This
inequality is slightly violated in the higher power cases n > 1 by the factor 2/(n + 1) < 1,
i.e. the lower bound (5.30) is a weaker inequality. Interestingly, for n = 0 there is also a
violation of the Gibbons-Penrose inequality but with a factor 2, namely the lower bound
(5.30) yields a stronger inequality. Nevertheless, in all cases the mean-curvature mass is
bounded below in terms of a multiple of Mirr.
The behavior of mean-curvature angular momentum is less straightforward. Recall, for
any apparent horizon, the mean curvature vectors become degenerate and null, H = ±H⊥
(respectively in the outward/inward trapped cases). Thus ̟(H) = 0 vanishes on Shor, since
v⌋̟(H) = H · ∇vH⊥ = ±2∇v|H| = 0 for all tangent vectors v on Shor. Consequently, the
n + 1-power mean-curvature angular momentum JMC(n) (Shor) vanishes for n ≥ 2, which is
precisely when it is well-defined for apparent horizons. In particular, it is not well-defined
for n = 0, since ̟ becomes singular whenever |H| = 0 on a 2-surface. On the other hand,
as ̟± is non-singular, the n+ 1-power null mean-curvature angular momentum JMC±(n)(Shor)
is well-defined and non-vanishing for n = 0 (while it vanishes for n > 0).
More insight into the interpretation of these mean-curvature angular momenta comes
from considering horizons of stationary black holes, related to Killing horizons [37].
C. Killing horizons and static 2-surfaces
Recall, a Killing vector is hypersurface orthogonal in spacetime iff the corresponding
covector (identifying T (M) and T ∗(M) via the metric g) obeys the integrability condition
[16]
∇ζ = f ∧ ζ (5.31)
for some smooth 1-form f in spacetime, where the symmetric part of ∇ζ vanishes by the
Killing equation on ζ . It is useful to generalize this notion to consider 2-surfaces spanned
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by a local hypersurface that is orthogonal to a Killing vector.
Definition 5.8: A Killing vector ζ is said to be 2-surface orthogonal if, for a spacelike
2-surface S, ζ is normal to S and satisfies the hypersurface-orthogonality condition (5.31)
everywhere on S. Such a 2-surface will be called static with respect to ζ .
As examples encompassing stationary black-hole horizons, spatial cross-sections of a
Killing horizon [37] in spacetime produce spacelike 2-surfaces S that are static with re-
spect to the null Killing vector generating the horizon. For such situations where a 2-surface
orthogonal Killing vector ζ is null at S, ζ2|S = 0, the twist of ζ |S is directly related to the
null mean curvature twist
̟(ζ) = ̟± +∇S ln |α| (5.32)
where α is a smooth function on S determined by ζ |S = αH± when the 2-surface S is
respectively outward/inward marginally trapped. Moreover, the 2-surface orthogonality
condition shows that α can be expressed in terms of the surface gravity κhor ≡ 12(∇χζ2)|S
by
α =
1
2κhor
(∇∓ζ2)|S (5.33)
in the outward/inward trapped cases, where χ is a vector such that (ζ ∧ χ)|S = ǫ⊥(S), and
where ∇∓ = (H∓ · ∇)|S. Hence the null mean-curvature angular momentum JMC± (S) for
static 2-surfaces with respect to a null Killing vector ζ is naturally related to the surface
gravity and twist of ζ at S.
Other physically relevant examples of static 2-surfaces are given by any 2-surface S con-
tained in a spacelike hypersurface in a static spacetime with a timelike Killing vector. In
such situations where a 2-surface orthogonal Killing vector ζ is timelike at S, ζ2|S < 0, the
twist of ζ |S vanishes on S as follows from the 2-surface orthogonality condition:
v⌋̟(ζ) = (∗ζ · ∇vζ)|S = (∗ζ · (v⌋(f ∧ ζ)))|S = 0 (5.34)
for all tangential vectors v on S, since v · ζ |S = ∗ζ|S · ζ |S = 0. Now, through the geometric
relation ζ |S = αH⊥ where α is a smooth non-vanishing function on S, the mean curvature
twist is found to vanish,
̟ = α−2|H|−2̟(ζ) = 0. (5.35)
Then the null mean curvature twist reduces to a gradient, ̟± = ∓1
2
∇S ln |H|.
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Proposition 5.9: For static 2-surfaces S with respect to a timelike Killing vector ζ , the
n+ 1-power mean-curvature angular momentum JMC(n) (S) is zero, while the n+1-power null
mean-curvature angular momentum is given by
JMC±(n)(S) =
c˜0
4
√
A
n+4
∮
S
|H|n−2(∇|H|)2dS. (5.36)
Hence JMC±(n)(S) is zero iff S has CMC.
D. Flat spacetime
Clearly, the mean-curvature mass and angular momenta are identically zero for any 2-
surface lying in a hyperplane in Minkowski space. This reflects the desirable physical prop-
erty that physical values of quasilocal mass and angular momentum assigned to spacelike
2-surfaces in Minkowski space should be zero, because there is no gravitational field. But
this good behavior of the mean-curvature mass and angular momentum is no longer true in
general for 2-surfaces that lie in curved spacelike hypersurfaces in Minkowski space. In par-
ticular, O´Murchadha, Szabados, Tod [32] have recently shown that spacelike cuts of a light
cone in Minkowski space yield positive curvature 2-surfaces some of which have nonzero
mean-curvature mass. The mean-curvature angular momentum of such 2-surfaces also is
nonzero, since the twist along a cut given by a curved hypersurface does not identically
vanish. (In fact, as is well known [33], any spacelike 2-surface always admits, at least locally,
an isometric embedding into a light cone in Minkowski space. For such an embedding the
mean-curvature mass and angular momentum will, in general, be nonzero.) Calculation of
the pair of mean curvature vectors H⊥, H , and the twist ̟ for arbitrary spacelike cuts of a
light cone in Minkowski space are given in Ref.[2].
This situation is readily understood from the fact that, roughly speaking, a one-function
degree of freedom characterizes the existence of a local isometric embedding of a given
spacelike 2-surface into flat spacetime, as seen by a simple function counting argument using
the Gauss-Codacci equations. In particular, taking into account the coordinate freedom, this
system of equations is underdetermined as there is one more unknown than the number of
equations.
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VI. CONCLUDING REMARKS
On physical grounds, the expressions introduced for quaslocal mean-curvature masses
(4.1) to (4.4) and angular momenta (4.12) to (4.15) are not completely satisfactory because
they assign nonzero values to some spacelike 2-surfaces when no gravitational field is present
in a region of spacetime containing the 2-surface. Nevertheless, these definitions have a
natural motivation from geometric and Hamiltonian considerations and so they may well
be relevant at least in mathematical contexts e.g. in the study of the Cauchy problem for
the Einstein field equations as discussed by Liu and Yau [14]; or also in certain physical
applications that are insensitive to the flat spacetime values as explained in Ref.[7].
Of course it is worthwhile to explore whether these definitions can be improved to have
more physically satisfactory behavior for spacelike 2-surfaces in curved hypersurfaces in flat
spacetime. The most direct approach is to try imposing sufficient extra conditions under
which a regular 2-surface will have a rigid isometric embedding into Minkowski space (i.e.
unique up to isometry motions). In this case the embedding can then be used to adjust
the reference subtraction terms to make the mean-curvature mass and angular momentum
vanish for all such 2-surfaces in flat spacetime.
One natural proposal would be to use the local energy condition P 2 ≤ 0 as a restriction
on spacelike 2-surfaces. Note this condition |H| ≥ |̟| holds trivially for 2-surfaces S that lie
in any hyperplane in Minkowski space, since ̟ = 0 on such S. So, suppose S is a spacelike
2-surface in Minkowski space satisfying P 2 ≤ 0, such that the only isometric embeddings of it
back into Minkowski space that obey |H|embed ≥ |̟|embed are rigid (isometry) motions of S.
Then its adjusted mean-curvature mass would vanish, and furthermore, its mean-curvature
angular momentum could be adjusted to vanish by subtraction of a suitable reference density
term involving |̟|embed given by
EMC
′
(n) (S) =
c0
8π(n+ 1)
√
A
n
∮
S
(|H|n+1embed − |H|n+1)dS (6.1)
and similarly
JMC
′
(n) (S)
2 = c˜0A
2
∮
S
(|̟|2 − |̟|2embed)dS (6.2)
where |H|embed and |̟|embed refer to the assumed embedding of S in Minkowski space. If such
a 2-surface S is contained in a flat spacetime region then both the adjusted mean-curvature
mass (6.1) and angular momentum (6.2) are zero.
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In this situation the symplectic variant of the mass also has good behavior if its reference
term is adjusted similarly
PMC
′
(n) (S) =
c0
8π(n+ 1)
√
A
n
∮
S
(|P |n+1embed − |P |n+1)dS (6.3)
=
c0
8π(n+ 1)
√
A
n
∮
S
(
√
|H|2embed − |̟|2embed
n+1
−
√
|H|2 − |̟|2n+1)dS.
A different proposal can be made, using just the twist of a 2-surface in spacetime to
determine a reference subtraction by an isometric embedding of the 2-surface into Minkowski
space without the need to restrict 2-surfaces a priori by any local energy condition. Namely,
consider isometric embeddings of (S, σ) into Minkowski space preserving the twist ̟ (and
hence the normal curvature R⊥ǫ(S) = dS̟). This will be called a twisted-embedding. (It
is worth noting that preservation only of R⊥ itself is a strictly weaker requirement, since
the results in Ref.[2] show that for light cone 2-surfaces the twist is a gradient and thus
R⊥ = 0 but ̟ 6= 0; such an embedding condition has been discussed previously in Ref.[13].)
Although little seems to be known about the existence of embeddings of (S, σ,̟) in general,
it is plausible to expect that with sufficient assumptions a regular 2-surface S will admit a
unique embedding of this kind (up to rigid motions of S). At the least, function counting
shows that with both σ and ̟ specified, the Gauss-Codacci equations are no longer an
underdetermined system.
In this setting the adjusted mean-curvature mass expressions (6.1) and (6.3) carry over
with H|embed now denoting the scalar mean curvature of S in the twisted-embedding, and
with ̟|embed = ̟. These expressions have a direct Hamiltonian interpretation if the sym-
plectic vector P is included as part of the boundary data for a Hamiltonian variational
principle in theorems 3.3 and 3.5. In particular, this allows the reference term Href⊥ (σ, P )
appearing in the Hamiltonians to depend on the twist ̟ = P |T (S) of the 2-surface. (Some
additional motivation for the idea of twisted-embeddings comes from a spinor formulation
of the Hamiltonian and an analysis of its positivity [34].)
Lemma 6.1: If a regular 2-surface S admits a rigid (up to isometry) twisted-embedding
into Minkowski space, then EMC
′
(n) (S) = P
MC′
(n) (S) = 0 when spacetime is flat in any region
containing S.
Under a twisted-embedding of a 2-surface S, the definitions (6.1) and (6.3) will be called
the (n+1-power) twisted mean-curvature mass. Their behavior is obviously more satisfactory
in giving a quasilocal mass of zero to all suitable spacelike 2-surfaces S contained in any
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flat spacetime region and they reduce to the (n + 1-power) mean-curvature mass in the
case of twist-free 2-surfaces. There is a trade off, however, concerning their positivity. Due
to the adjustment of the reference subtraction terms, positivity of mean-curvature mass
in theorem 5.3 gives rise only to an upper bound on the twisted mean-curvature mass as
follows.
Proposition 6.2: If S is a regular 2-surface with positive scalar curvature, then under any
isometric embedding of (S, σ) into Minkowski space,
EMC(S) ≥ EMC′(S). (6.4)
Proof. The difference in masses reduces to
EMC(S)− EMC′(S) = 1
8π
∮
S
(|H|flat − |H|embed)dS = EMC(S|embed) ≥ 0 (6.5)
due to positivity of mean-curvature mass, where S|embed refers to S as embedded in
Minkowski space.
Regarding the mean-curvature angular momentum expressions, because ̟ is preserved,
JMC(S) for 2-surfaces S in flat spacetime will be zero only in the special case of twist-free
2-surfaces, i.e. when ̟(H) = 0 on S. Moreover, an adjusted expression, JMC
′
(n) (S) as above,
would trivially vanish for all 2-surfaces S possessing a twisted-embedding. Consequently, in
this situation JMC(S) will no longer be connected with quasilocal angular momentum, but
instead will become an invariant of the twisted-embedding.
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